NOT gate response in a mesoscopic ring: An exact result 
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Abstract 

We explore NOT gate response in a mesoscopic ring threaded by a magnetic flux (p. The ring is attached 
symmetricahy to two semi- infinite one-dimensional metallic electrodes and a gate voltage, viz, T4, is 
applied in one arm of the ring which is treated as the input of the NOT gate. The calculations are 
based on the tight-binding model and the Green's function method, which numerically compute the 
conductance-energy and current-voltage characteristics as functions of the ring-to-electrodes coupling 
strength, magnetic flux and gate voltage. Our theoretical study shows that, for (j) = 4)q/2 = ch/e, 
the elementary flux-quantum) a high output current (1) (in the logical sense) appears if the input to the 
gate is low (0), while a low output current (0) appears when the input to the gate is high (1). It clearly 
exhibits the NOT gate behavior and this aspect may be utilized in designing an electronic logic gate. 
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1 Introduction 

The study of electron transport in quantum con- 
fined geometries has become one of the most fasci- 
nating branch of nanoscience and technology. With 
the help of different advanced technologies, the sim- 
ple looking quantum confined systems can be used 
in designing nanodevices especially in electronic as 
well as spintronic engineering. The idea of man- 
ufacturing nanodevices are based on the concept 
of quantum interference effect which is generally 
vanishes for larger systems. On the other hand, 
for much smaller sizes the quantum phase coher- 
ence is maintained across the sample. A meso- 
scopic metallic ring is one such promising exam- 
ple where electronic motion is confined and the 
transport becomes predominantly coherent. Us- 
ing a mesoscopic ring we can make a device that 
can act as a logic gate, which may be used in na- 
noelectronic circuits. To explore this phenomenon 
we design a bridge system where the ring is sand- 
wiched between two external electrodes, so-called 
the electrode-ring-electrode bridge. The ring is then 
subjected to an Aharonov-Bohm (AB) flux </) which 
is the key controlling factor for the whole logical 
operation in this particular geometry. The theo- 
retical description of electron transport in a bridge 
system has got much progress following the pio- 
neering work of Aviram and Ratner.^ Later, many 
excellent experiments^"^ have been done in sev- 
eral bridge systems to understand the basic mecha- 
nisms underlying the electron transport. Though 
extensive studies on electron transport have al- 
ready been done both theoretically^" ^'^ as well as 
experimentally,^"^ yet lot of controversies are still 
present between the theory and experiment, and the 
complete knowledge of the conduction mechanism 
in this scale is not very well established even today. 
For illustrative purposes, here we mention some of 
these issues as follow. The electronic transport in 
the ring changes drastically depending on the inter- 
face geometry between the ring and the electrodes. 
By changing the geometry, one can tune the trans- 
mission probability of an electron across the ring 
which is solely due to the effect of quantum inter- 
ference among the electronic waves passing through 
different arms of the ring. Not only that, the elec- 
tron transport in the ring can be modulated in other 
way by tuning the magnetic flux, that threads the 
ring. The AB flux threading the ring may change 
the phases of the wave functions propagating along 
the different arms of the ring leading to construc- 
tive or destructive interferences, and therefore, the 



transmission amplitude changes. ^''"^^ Beside these 
factors, ring-to-electrodes coupling is another im- 
portant issue that controls the electron transport 
in a meaningful way.^* All these are the key fac- 
tors which regulate the electron transmission in the 
electrode-ring-electrode bridge system and these ef- 
fects have to be taken into account properly to re- 
veal the transport mechanisms. 

Our main aim of the present work is to study the 
NOT gate response in a mesoscopic ring threaded 
by a magnetic flux (f>. The ring is contacted sym- 
metrically to the electrodes, and a gate voltage Va 
is applied in one arm of the ring (see Fig. [T]) which 
is regarded as the input of the NOT gate. A simple 
tight-binding model is used to describe the system 
and all the calculations are done numerically. Here 
we address the NOT gate behavior by studying the 
conductance-energy and current-voltage character- 
istics as functions of the ring-clcctrodes coupling 
strength, magnetic flux and gate voltage. Our study 
reveals that for a particular value of the magnetic 
flux, (j) = 0o/2, a high output current (1) (in the 
logical sense) is available if the input to the gate is 
low (0), while if the input to the gate is high (1), a 
low output current (0) appears. This phenomenon 
clearly shows the NOT gate behavior. To the best 
of our knowledge the NOT gate response in such 
a simple system has yet not been addressed in the 
literature. 

The scheme of the paper is as follow. Following 
the introduction (Section 1), in Section 2, we de- 
scribe the model and the theoretical formulations 
for the calculation. Section 3 explores the results, 
and finally, we conclude our study in Section 4. 

2 Model and the synopsis of 
the theoretical background 

Let us start with the model presented in Fig. [TJ 
A mesoscopic ring, subjected to an AB flux 0, is 
attached symmetrically (upper and lower arms have 
equal number of lattice points) to two semi-infinite 
one-dimensional (ID) metallic electrodes. A gate 
voltage Va, taken as the input voltage of the NOT 
gate, is applied to the atomic site a in the upper 
arm of the ring. While, an additional gate voltage 
Va is applied to the site a in the lower arm of the 
ring. Both these two voltages are variable. 

At very low temperature and bias voltage the 
conductance g of the ring can be expressed from 



2 



the Landaucr conductance formula, 



where T gives the transmission probability of an 
electron across the ring. This (T) can be rep- 
resented in terms of the Green's function of the 
ring and its coupling to the two electrodes by the 
relation, 

T = Tv[TsG^j,TdGI] (2) 

where G^^j and are respectively the retarded and 
advanced Green's functions of the ring including the 
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Figure 1: Schematic representation for the opera- 
tion of a NOT gate. The atomic sites a and a are 
subjected to the voltages Va and Va respectively, 
those are variable (for color illustration, see the web 
version) . 

effects of the electrodes. Here and F^i describe 
the coupling of the ring to the source and drain 
respectively. For the complete system i.e., the ring, 
source and drain, the Green's function is defined as, 

G={E-Hy^ (3) 

where E is the injecting energy of the source elec- 
tron. To Evaluate this Green's function, the inver- 
sion of an infinite matrix is needed since the com- 
plete system consists of the finite ring and the two 
semi-infinite electrodes. However, the entire system 
can be partitioned into sub-matrices corresponding 
to the individual sub-systems and the Green's func- 
tion for the ring can be effectively written as, 

Gb^^{E-Hr-^s-^dV^ (4) 

where Hj^ is the Hamiltonian of the ring that can be 
expressed within the non-interacting picture like, 

Hr = ^ (e^o + VaSia + Va^ia) c\ci 



-f ^t(c|c,e^'^ + c]c,e-«) (5) 

<ij> 

In this Hamiltonian e^o's are the site energies for 
all the sites i except the sites i — a and a where 
the gate voltages Va and Va are applied, those are 
variable. These gate voltages can be incorporated 
through the site energies as expressed in the above 
Hamiltonian. c| (ci) is the creation (annihilation) 
operator of an electron at the site i and t is the 
nearest-neighbor hopping integral. The phase fac- 
tor 6 = 27T(f>/N(f)o comes due to the flux cj) threaded 
by the ring, where N corresponds to the total num- 
ber of atomic sites in the ring. Similar kind of tight- 
binding Hamiltonian is also used, except the phase 
factor 9, to describe the ID perfect electrodes where 
the Hamiltonian is parametrized by constant on-site 
potential eg and nearest-neighbor hopping integral 
to. The hopping integral between the source and 
the ring is rs, while it is to between the ring and 
the drain. The parameters Ss and S^j in Eq. ([4]) 
represent the self-energies due to the coupling of the 
ring to the source and drain respectively, where all 
the informations of this coupling arc included into 
these self-energies. 

The current passing through the ring is depicted 
as a single-electron scattering process between the 
two reservoirs of charge carriers. The current / can 
be computed as a function of the applied bias volt- 
age V by the expression, 

EF+eV/2 

= ^ / T{E)dE (6) 

EF~eV/2 

where Ep is the equilibrium Fermi energy. Here we 
assume that the entire voltage is dropped across the 
ring-electrode interfaces, and it is examined that 
under such an assumption the I-V characteristics 
do not change their qualitative features. 

All the results in this communication are de- 
termined at absolute zero temperature, but they 
should valid even for finite temperature 300 K), 
since the broadening of the energy levels of the ring 
due to its coupling with the electrodes becomes 
much larger than that of the thermal broadening. 
For simplicity, wc take the unit c = e = /i = f in 
our present calculation. 

3 Results and discussion 

To discuss the results, first we mention the values 
of the different parameters those are used for the 
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numerical calculation. The on-site energy e^o of the 
ring is taken as for all the sites i, except the sites 
i = a and a where the site energies are taken as 
Va and Va respectively, and the nearest-neighbor 
hopping strength t is set to 3. On the other hand, 
for the side attached electrodes the on-site energy 
(eo) and the nearest-neighbor hopping strength (to) 
are fixed to and 4 respectively. The voltage Va is 
set to 2. Throughout the study, we focus our results 



case when the input voltage Va ~ 2 i.e., the in- 
put is high, the conductance g vanishes (Fig.[2lb)) 
in the complete energy range. This indicates that 
the conduction of the electron from the source to 
drain through the ring is not possible. The situa- 
tion becomes completely different for the case when 
the input to the gate is zero (K = 0). The result 
is shown in Fig. [5]Ja), where the conductance shows 
sharp resonance peaks for some fixed energies. This 




Figure 2: g-E curves in the weak-coupling limit for 
a mesoscopic ring with N ~ 8, Va ~ 2 and cf) = 0.5. 

(a) Va = and (b) Va ~ 2 (for color illustration, 
see the web version). 

for the two limiting cases depending on the strength 
of the coupling of the ring to the source and drain. 
In one case we use the condition Tg(^D^ << t, which 
is so-called the weak-coupling limit. For this regime 
we choose ts = td ~ 0.5. In the other case the 
condition T5(£)) t is used, which is named as the 
strong-coupling limit. In this particular regime, the 
values of the parameters are set as = r/j = 2.5. 
The significant parameter for all these calculations 
is the magnetic fiux (j) which is set to (t>o/2 i.e., 0.5 
in our chosen unit. 

In Fig. [2] we show the variation of the conductance 
{g) as a function of the injecting electron energy 
{E), in the limit of weak-coupling, for a mesoscopic 
ring with = 8 and Va = 2. Figures [2ja) and 

(b) correspond to the results for the input voltages 
Va ~ and Va ~ 2 respectively. For the particular 



Figure 3: g-E curves in the strong-coupling limit for 
a mesoscopic ring with N = 8,Va = 2 and (j) = 0.5. 
(a) Va = and (b) Vq = 2 (for color illustration, 
see the web version). 

reveals the electron conduction across the ring. At 
these resonance g approaches the value 2, and there- 
fore, the transmission probability T becomes unity, 
since the expression g = 2T is satisfied from the 
Landaucr conductance formula (see Eq. ([T|) with 
e ^ h = V). These resonance peaks are associated 
with the energy eigenvalues of the ring, and thus, 
it can be predicted that the conductance spectrum 
manifests itself the electronic structure of the ring. 
Hence, more resonance peaks are expected for the 
larger rings, associated with their energy spectra. 
Now we focus the dependences of the gate voltages 
on the electron transport for the two different cases 
of the input voltage. The transmission probabil- 
ity of getting an electron through the ring depends 
on the quantum interference of the electronic waves 
passing through the two arms (upper and lower) 
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of the ring. For the synimetricaUy connected ring 

1. e., when the two arms of the ring are identical 
with each other, the probabihty ampHtude is ex- 
actly zero (T = 0) for the flux (j) = 4)q/2. This is 
due to the result of the quantum interference among 
the two waves in the two arms of the ring, which 
can be established by a very simple mathematical 
calculation. Therefore, for the case when the input 
to the gate is equal to 2 i.e., 14 = 2, the upper 
and lower arms of the ring become exactly simi- 
lar. This is because the potential Va is also set to 

2. Accordingly, the transmission probability drops 
to zero. If the input voltage Va is different from 
the potential applied in the atomic site a, then the 
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Figure 4: I-V curves in the weak-coupling limit for 
a mesoscopic ring with = 8, Vq = 2 and = 0.5. 
(a) Va = and (b) 14 = 2 (for color illustration, 
see the web version). 

two arms are not identical with each other and the 
transmission probability will not vanish. Thus, to 
get the zero transmission probability when the in- 
put is high, we should tune Va properly, observing 
the input potential and vice versa. On the other 
hand, due to the breaking of the symmetry of the 
two arms, the non-zero value of the transmission 
probability is achieved in the particular case where 
the input voltage is zero {Va = 0), which reveals the 
electron conduction across the ring. From these re- 
sults we can emphasize that the electron conduction 
takes place through the ring if the input to the gate 



is zero, while if the input is high, the conduction 
is no longer possible. This aspect clearly describe 
the NOT gate behavior. Following with this, here 
we also describe the effect of the ring-to-electrodes 
coupling. As representative examples, in Fig. [3] we 
plot the conductance-energy characteristics for the 
strong-coupling limit, where (a) and (b) are drawn 
respectively for the same input voltages as in Fig. [21 
In the strong-coupling case, all the resonances get 
substantial widths compared to the weak-coupling 
case. This is due to the broadening of the energy 
levels of the ring in the limit of strong coupling, 
where the contribution comes from the imaginary 
parts of the self-energies Ss and S^i respectively.^^ 
Therefore, by tuning the coupling strength, we can 
get the electron transmission across the ring for the 
wider range of energies and it provides an impor- 
tant behavior in the study of current-voltage [I-V) 
characteristics. 

All these features of electron transport become 
much more clearly illustrated from our presented 
current-voltage {I-V) characteristics. The current 

Table 1: NOT gate behavior in the limit of weak- 
coupling. The current / is computed at the bias 
voltage 6.02. 



Input {Va) 


Current (/) 





0.378 


2 






across the ring is determined by integrating the 
transmission function T as prescribed in Eq. ([5]). 
The transmission function varies exactly similar to 
that of the conductance spectrum, differ only in 
magnitude by the factor 2 since the relation g = 
2T holds from the Landauer conductance formula 
Eq. 111). As illustrative examples, in Fig. [5] we plot 
the I-V characteristics for a mesoscopic ring with 
A^ = 8 and 14 ~ 2, in the limit of weak-coupling. 
For 14 — 0, the result is shown in Fig. 111(a), while 
Fig. mb) gives the result for 14 = 2. Clearly we 
sec that, when the input to the gate is identical to 
2 (high), the current / becomes exactly zero (see 
Fig. mjb)) for the entire bias voltage V. This fea- 
ture is understood from the conductance spectrum. 
Fig. El^b), since the current is computed from the 
integration method of the transmission function T. 
On the other hand, a non-zero value of the current is 
obtained when the input voltage 14 = 0, as given in 
Fig-IHa). The figure shows that the current exhibits 
staircase-like structure with fine steps as a function 
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of the applied bias voltage. This is due to the exis- 
tence of the fine resonance peaks in the conductance 
spectrum in the weak-coupling limit. With the in- 
crease of the bias voltage V, the electrochemical po- 
tentials on the electrodes are shifted gradually, and 
finally cross one of the quantized energy levels of 
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Figure 5: I-V curves in the strong-coupling limit for 
a mesoscopic ring with N = 8, Va = 2 and cj) = 0.5. 
(a) Va — and (b) Va = 2 (for color illustration, 
see the web version). 

the ring. Accordingly, a current channel is opened 
up which provides a jump in the I-V characteris- 
tic curve. Here, it is also important to note that 
the non-zero value of the current appears beyond 
a finite value of the bias voltage V, so-called the 

Table 2: NOT gate behavior in the limit of strong- 
coupling. The current / is computed at the bias 
voltage 6.02. 



Input (Va) 


Current (/) 





2.846 


2 






threshold voltage (Vth)- This Vth can be changed 
by controlling the size (N) of the ring. From these 
current- voltage characteristic curves, the NOT gate 
behavior of the ring can be observed very nicely. To 



make it much clear, in Table [T] we show a quantita- 
tive estimate of the typical current amplitude deter- 
mined at the bias voltage V = 6.02. It shows that, 
when the input to the gate is zero, the current gets 
the value 0.378. While, the current becomes ex- 
actly zero when the input voltage Va = 2. In the 
same fashion, as above, here we also describe the 
I-V characteristics for the limit of strong-coupling. 
In this limit, the current varies almost continuously 
with the applied bias voltage and gets much larger 
amplitude than the weak-coupling case as presented 
in Fig. m The fact is that, in the limit of strong- 
coupling all the energy levels get broadened which 
provide larger current in the integration procedure 
of the transmission function T. Thus by tuning the 
strength of the ring-to-electrodes coupling, we can 
achieve very large current amplitude from the very 
low one for the same bias voltage V. All the other 
properties i.e., the dependences of the gate volt- 
ages on the I-V characteristics are exactly similar 
to those as given in Fig. [H In this strong-coupling 
limit we also make a quantitative study for the typ- 
ical current amplitude, given in Table [21 where the 
current amplitude is determined at the same bias 
voltage {V = 6.02) as earlier. The response of the 
output current is exactly similar to that as given 
in Table [T] Here the current achieves the value 
2.846 when the input to the gate is zero {Va = 0), 
while it (/) becomes exactly zero for the case where 
Va ~ 2. The non-zero value of the current in this 
strong-coupling limit is much larger than the weak- 
coupling case, as expected. From these results we 
can clearly manifest that a mesoscopic ring exhibits 
the NOT gate response. 

4 Concluding remarks 

In this presentation, we have addressed the NOT 
gate response in a mesoscopic metallic ring threaded 
with a magnetic flux (f) in the Green's function for- 
malism. The ring is attached symmetrically to the 
electrodes and a gate voltages Va is applied in one 
arm of the ring which is taken as the input of the 
NOT gate. A simple tight-binding model is used to 
describe the system and all the calculations are done 
numerically. We have computed the conductance- 
energy and current-voltage characteristics as func- 
tions of the gate voltage, ring-to-electrodes coupling 
strength and magnetic flux. Very interestingly we 
have observed that, for the half flux-quantum value 
oi (p {(j) = (j>o/2), a high output current (1) (in the 
logical sense) appears if the input to the gate is low 
(0). While, if the input to the gate is high (1), a low 



6 



output current (0) appears. It clearly manifests the 
NOT gate behavior and this aspect may be utilized 
in designing a tailor made electronic logic gate. 

The importance of this article is particularly con- 
cerned with (i) the simplicity of the geometry and 
(ii) the smallness of the size. To the best of our 
knowledge the NOT gate response in such a simple 
low-dimensional system that can be operated even 
at finite temperature 300 K) has not been ad- 
dressed earlier in the literature. 
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